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Figure 1: (a) shows the level 0 control mesh;(b) shows the
quadsof the adaptively subdivided surface;(c) is the same
model with face deleted.

Abstract

Subdivision surfaces are a popular representation for the
freeform shape in geometric modeling. While the subdivi-
sion process rapidly converges to a smooth shape, computing
and rendering all the vertices is too expensive in the sense of
the memory consumption and run time, and also super�u-
ous. Our work was inspired by a demand for a rendering
of dynamic scenes and an interactive rendering of the ani-
mated character model with reduced memory consumption
andno dynamic allocations. The subdivision surface is ren-
dered with no modi�cations of the control mesh, while al-
lowing �exible tesselation on all subdivision levels as well
as feature support (sharp edges and boundaries and vertex
editing) for each level.

CR Descriptors: I.3.3 [Computer Graphics]: Pic-
ture/image generation -Display algorithms; I.3.6 [Com-
puter Graphics]: Methodology and Techniques.

Keywords: Subdivision surfaces, rendering, adaptive tesse-
lation

1 Introduction

In this work we introduce a novel approach to adaptive tesse-
lation of subdivision surfaces. A subdivision process repeat-
edly re�nes a mesh of vertices, edges and faces and �nally
converges to a smoothlimit surface.

Subdivision surfaces became a popular representation type
for surfaces. For example, Catmull-Clark scheme [4] is suc-
cessfully used in animation [6] and game engines [16]. Even
“Dassault Systemes” used subdivision surfaces as a base for
their “Catia – Imagine & Shape” product in order to enable
designers and engineers to quickly and intuitively transform
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Figure 2: (0) is the base mesh (level 0),(k) is a level
k = 1;2;3;4;5 mesh with the vertices edited by the de-
signer. Blue points are theoriginal locations computed by
the scheme, the red points are themodi�ed locations. the
green lines mark the sharp edges. The �nal shape is shown
on Figure 3.

a shape idea into a 3D geometric model [5]. Among the
advantages of the subdivision representation over the spline
surfaces are their simplicity and ability to represent shapes
of different topologies.

The re�nement process converges rapidly to a visually pleas-
ing smooth surface, however rendering all the polygons of
the �ne mesh is costly in terms of memory consumption and
run time. Moreover, rendering all these polygons is super�u-
ous, for example if they are not visible or have low curvature.
Adaptivesubdivision solves these problems by subdividing
only the polygons in the problematic areas, such as the re-
gions with high curvature or that are close to silhouette. The
concept of adaptive subdivision is closely related with theT-
splines of [12], where the control points are inserted only in
the regions with more details, unlike the NURB case with the
regularly structured control mesh.

There are few algorithms described in literature that explore
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Figure 3: A sofa modeled by LOD approach.(b) shows the
quadsof the adaptively subdivided surface.

the adaptive tesselation problem in the context of the subdivi-
sion surfaces. Our method was inspired by the work of [13].
This work introduces a novel approach to adaptive subdivi-
sion without any modi�cations of the coarse control mesh
and withno dynamic allocations, which is especially useful
for the embedded systems – such as mobile phones, PDAs
and game consoles with a limited RAM volume, small data
storage, minimized instruction/data traf�c, etc. Often the de-
velopers for these platforms cannot rely on GPU for the ac-
celeration of rendering or computations.

The limitation of [13] is thateach coarse faceof the level-0
control mesh isuniformly subdivided. The �ner subdivision
for only restricted areas of the coarse face can be required,
for example, due to the features introduced in higher subdi-
vision meshes as a result of thelevel of detail(LOD) model-
ing approach, see Figure 2 and Figure 3. Another reason for
adaptive subdivision inside the coarse face could be silhou-
ette proximity.

Main contribution In this work we remove the constraint
of [13]. In addition our method allows to introducesharp
features and modi�cations of the positions of control vertices
on any subdivision level, i.e. LOD modeling, which is com-
monly used in subdivision modeling.

The LOD approach is natural for the designer and allows to
reduce storage space required for the �nal model. The whole
�ne mesh is not stored with the model, just acoarse base
meshand the introducedmodi�cation are required for the re-
construction of the model, see Figure 2 and Figure 3. More-
over, the modi�cations of the �ne meshes can be stored either
as a scalar valued displacement map as in [9], or as a small
vector valued delta in the local coordinate frame.

2 Related work

The idea of [13] is similar to that of [7,10]: It loads one face
of the mesh with the required for subdivision neighborhood
to a dedicated process/function that computes its subdivision
up to a given depth and renders the result. The subdivision
depth passed to this function may vary from face to face,
which results in theadaptively subdividedmesh. The crite-
ria for the subdivision depth parameter comprise the curva-
ture of the limit surface patch, its projected size, visibility
and silhouette proximity. Both [13] and [10] use statically

allocated data structure of a �xed size to avoid anydynamic
allocations. We describe the data structure of [13] in Sec-
tion 3.2.

In [2] rapid evaluation of subdivision surfaces is performed
with the aid of the precomputed tesselations of basis func-
tions for each valence and con�guration of special features.

In [3,14] GPU oriented evaluation of subdivision surfaces is
introduced. These works also employ the local nature of the
subdivision schemes to process faces independently.

3 Rendering subdivision surfaces

The whole rendering process resembles that of [13]. Each
coarse face is passed to the rendering function that initializes
static data structure with the vertices of the face and their
neighbors. The output of the function is a set of rendered
polygons (triangles) that visualize asmooth patch of the limit
surfacecorresponding to the input face.

Our static data structure unlike theslate of [13] keeps a
hierarchy of tables for the computations. For each subdi-
vision level k = 0; : : : ;maxlevel there is a table of the size
(2k + 3) � (2k + 3) that stores the geometry of the control
mesh on the levelk. The space complexity of this data
structure does not exceed that of [13], i.e. the size of the
two tables keeping the geometry for the maximal resolution:
k = maxlevel, see Section 3.2 for more details. We also store
a similar set of tables withpseudo-faces.

The pseudo-face structure serves to indicate the following:
– The face isactive: it is initialized and its control points

are computed and written to the table;
– The face issubdivided: the four corresponding next

level faces are active;
– Edge/vertex boolean tags (sharp/semi-sharp/boundary,

etc).

The additional information allows to subdivide a face onany
level according to someoracle function that takes into ac-
count curvature of the surface, visibility, silhouette proxim-
ity and special feature presence onthissubdivision level. The
information is also used for closing the gaps between the dif-
ferently subdivided quads.

In our work we usedCatmull-Clarksubdivision scheme, al-
though the method is not restricted to it and the extension to
other schemes is straightforward.

3.1 Catmull-Clark subdivision rules

Catmull-Clark, described in [4], is one of the most popu-
lar subdivision schemes, see [18]. It is based on the tensor
product bicubic spline and produces surfaces that areC2 ev-
erywhere except at the extraordinary vertices, where it isC1,
see [11].

The scheme is de�ned for meshes with quadrilateral faces,
with generalized rules that admit general meshes as well,
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Figure 4: (a) is a face of the base mesh to be subdivided.
(b) shows an initialization of the level-0 table for this face.
Blue and red corners are ofnon-regularvalence 5 and 3 re-
spectively. 1D arrays of(b) store the positions of their im-
mediate neighbors.(c) is the table storing positions of the
level-1 mesh.

see [4]. The rules can be summarized as follows:
– aface control point fj+ 1 is computed as the average of

its corners:f j+ 1 = 1
n å n

i= 0v j
i ;

– an edge control point ej+ 1 is the average of the edge
endpoints and the newly computed adjacent face control

points:ej+ 1 = v j
1+ v j

2+ f j+ 1
1 + f j+ 1

2
4 ;

– even control pointsthat correspond to the previous
level control points: v j+ 1 = k� 2

k v j + 1
k2 å k� 1

i= 0 ej
i +

1
k2 å k� 1

i= 0 f j+ 1
i ; wherek is the valence of the vertex and

n is the number of vertices in the face.

Vertices on the boundaries or creases are computed using dif-
ferent rules that use coef�cients for the cubic splines, see[6].

Subdivision process de�nes a smoothlimit surface, which
locally has a closed form and can be evaluated, see [1,15].

Further in the paper we assume thatall the faces are quadri-
laterals (or quads), which is a regular case for the Catmull-
Clark scheme. Otherwise the surface should be subdivided
once at the preprocessing stage.

3.2 Data structure

Denote the maximal subdivision level for the scene askmax
and the maximal vertex valence byvalmax. The slate data
structure of [13] comprises two tables of the size(2kmax +
3) � (2kmax+ 3) for the subdivision computation and two sets
of four one dimensional arrays of the size 2� valmax for
the corner neighbors positions. The subdivision is computed
by passing the current level information for the subdivision
function in one of the slates and storing the computed result
in the second slate. When the result is stored in the sec-
ond slate, the geometry of the previous level control mesh is
overwritten, which means that the base face cannot be subdi-
vided adaptively and eachcoarse faceof the level-zero con-
trol mesh is subdivided in auniformfashion!

We propose a much more �exible con�guration that allows
one to subdivide the surfaceadaptively on each level. Our
static data structure contains foreachlevel k = 0; : : : ;kmax
the following:

– one two-dimensional array of the size(2k+ 3) � (2k+ 3)
for positions of the control vertices;

– one two-dimensional array of the size 2k � 2k for the
pseudo-faces.

– four one-dimensional arrays for the positions of the im-
mediate neighbors (sharing an edge) of the corner ver-
tices;

– four one-dimensional arrays for the positions of the “op-
posite” vertices (that do not have a common edge) in the
neighboring faces of the corner vertices;

Note, thatå kmax
k= 0 (2k + 3)2 < 2� (2kmax+ 3)2; for kmax> 0: For

example, forkmax = 4 we have thatå 4
k= 0(2k + 3)2 = 572,

while 2� (24 + 3)2 = 722.

To perform one subdivision step for a face we average the
face vertices and the vertices of the neighboring faces. We
initialize level-zero tables similarly to [13] with the positions
of the base mesh vertices. Figure 4(b) shows an initializa-
tion of the zero-level table for the face of the initial control
mesh, shown in(a) . Blue and red corners havenon-regular
valence 5 and 3 respectively. One-dimensional arrays of(b)
are initialized with the positions of their immediate neigh-
bors, i.e. vertices that share an edge with the corresponding
corner. Note, that there are also similar arrays for the po-
sition of the “opposite” vertices, that are not shown on the
�gure. These “opposite” arrays are �lled with the positions
of the vertices sharing a face with the corner, but not an edge.

When the faces of the levelk are subdivided, the positions of
the resulting control mesh are written into the(k+ 1)-level
table.

The information stored in the pseudo-face tables is used for
choosing subdivision rules – boundaries, sharp or semi-sharp
edges require special subdivision masks. Moreover, we must
know which faces were subdivided on each level in order to
render correctly the resulting surface without anygapson the
surface.

3.3 Oracle function

Eachactive face, that has been initialized is tested by the
oraclefunction. If oracle returns a positive answer the face is
subdivided and four new faces on the next level areactivated:
the positions of their vertices are written into the tables and
they are marked as active.

Main oracle We used a simple oracle function to determine
if the selected face must be subdivided. The input for the
oracle consists of thepositionsand thenormalsof the four
vertices, see Figure 5(a) .

The oracle considers the following properties of the face:
– visibility: at least one normal is pointing toward the

viewer; in addition a hardware accelerated depth test
(for example, provided by the Open GL) may be per-
formed;

– thecurvatureof the patch: the normals deviation within
the face;



(a) (b)

Figure 5: (a) shows input normals and vertices for the main
oracle. On(b) is the data used by theedge oracle. Green ver-
tices and normals are used to compute the surface curvature
at the blue vertex.

– silhouetteproximity: if the normals form the angle close
to p=2 with the viewing direction, the subdivision depth
is increased;

– featureedges and edited vertices within the face on the
current level: if any such edge or vertex is present, the
face is subdivided.

Several detailed descriptions of different oracle functions can
be found in [8,10,13,17].

Edge oracle A different oracle function is used to deter-
mine the subdivision depth on theedges of the input mesh.
The reason for the computing the subdivision depth along
the coarse edges is the desire toseamlesslyrender all the
patches as one surface. The rendering process is discussed
in more detail in Section 3.4. The edge oracle employs the
same reasoning as the main oracle function. The difference
is that the positions and normals of theedge end-points and
their neighbors on the base meshare sent as an input to the
edge oracle, see Figure 5(b) .

The computation of the subdivision depths on the coarse
edges is performed at a preprocessing stage and stays valid
as long as the geometry of the base mesh does not change.

Consistency The edges that share a vertex must not have
drastically different subdivision depths. This property is en-
forced by the properties of the shared vertex that is passed as
the input to the oracle for both edges. In order to emphasize
this consistency the edge oracle works as follows. First it
evaluates the depthsd0 andd1 separately using the positions
and the normals of the neighbors at each edge vertex, see Fig-
ure 5(b) . The resulting edge subdivision depth is computed
by averaging the two values. It's also possible to enable even
more �exible adaptive subdivision by setting avarying sub-
division depth along the edgechanging it gradually fromd0
to d1.

The edge and the main oracle functions must return consis-
tent results, hence the two functions must work similarly and
use the same reasoning.

Additional constraints The resulting edge depthsare
passed as hard constraints for the subdivision function and

Figure 6: The subdivision depth between the adjacent faces
changescontinuously.

Figure 7: Seamless rendering of an adaptively subdivided
mesh requires a valid mesh structure – no T-junctions.

are taken into account by themain oracle.

One more reasonable constraint is that the subdivision depth
between the adjacent faces must changecontinuously. The
maximal difference between the two adjacent sub-faces
equalsoneinside the coarse face. Moreover, the difference
between the depth of the sub-face adjacent to the coarse base
edge and the precomputed depth of that edge does not exceed
one as well, see Figure 6.

These constraints enable to de�ne a simple tesselation strat-
egy that provides a valid mesh for the adaptively subdivided
surface with no T-junctions, see Figure 7, and hence no ren-
dering artifacts such as “cracks” between the faces.

3.4 Rendering and gaps prevention

Finally rendering the resulting surface we expect to see a
smooth surface, except for the prede�ned creases.

We need to render all the faces projected to the limit surface
with the real limit surface normals. Otherwise the positions
of the vertices on the edges between differently subdivided
quads would be different. Moreover, the input to the oracle
must also be positions and normals of the limit surface. The
evaluation of the limit surface on the coarse levels is reused
for theevencontrol points of the �ner levels.

Rendering an adaptively subdivided mesh we may getgaps
between differently subdivided faces, see T-junction topol-
ogy of the mesh on Figure 6. To eliminate the gaps we must
render a tessellated version of the output which does not have
any T-junctions, see Figure 7. There are various ways to pro-
duce the tesselation, see [7,10,13].

Each of the methods requires information about the subdi-
vision depths of the neighboring faces. This information is
available from the pseudo-face tables for the sub-faces within
the same base face.

In [7,10,13] the subdivision depths of the faces of the initial
mesh is computed before the actual subdivision is performed
and the subdivision of each base face isuniform.



In our work the sub-faces that are adjacent to the base mesh
edges are tessellated using the precomputed results of the
correspondingedge oracle. Recall that the difference be-
tween the subdivision depths of the adjacent faces may not
exceed one level. This is a reasonable constraint since we
are rendering asmoothsurface and its curvature is continu-
ous everywhere except for the creases. The same is true for
the difference between the subdivision depth of the face ad-
jacent to the base mesh edge and the precomputed depth of
the edge.

4 Experimental results

The fully subdivided mesh on Figure 1(a) consists of 150K
quads, while the adaptively subdivided version(b) com-
prises less than 5K polygons (depending on the viewing di-
rection), which leads to the reduced amount of computations
and faster rendering. The reason for the reduction of the size
of the rendered mesh is the full �exibility of the method: the
faces oneach levelarenot subdivided uniformly.

In the example of the Figure 3 the number of quads in the
level 6 subdivision mesh is 123K, while an adaptively subdi-
vided model contains just 12K faces. The model contains
743 modi�cations on various subdivision levels – control
vertices moved to new locations and sharp edges introduced
on non-zero subdivision levels. Every face containing at least
one modi�cation was subdivided to avoid visual differences
with fully subdivided model. The base faces with the mod-
i�cations cover more than half of the model and if one does
not have the option of adaptive subdivision inside the face on
each level half of the surface would be subdivided upto the
maximal level, making the rendering much more expensive.

5 Conclusion

Our method allows to produce high-quality rendering of 3D
scenes interactively withoutdynamic allocations. The tech-
nique is more �exible than the previous ones and thus is well
suited for the rendering of LOD models and models with �ne
features.

The approach is especially useful for the embedded systems
that have a limited RAM volume and require minimized in-
struction/data traf�c, etc. GPU for the acceleration of ren-
dering or computations is not always available on such plat-
forms.

Although it is also possible to use GPU for the subdivision
computations with our technique since it handles every face
independently of the rest.
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